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Abstract 

The thermodynamic instability, for example the negative heat capacity, of a black hole 
implies the existence of off-shell negative mode(s) (tachyonic mode(s)) around the black 
hole geometry in the Euclidean path integral formalism of quantum gravity. We explicitly 
construct an off-shell negative mode inspired from the negative heat capacity in the case 
of Schwarzschild black hole with/without a cosmological constant. We carefully check 
the boundary conditions, i.e. the regularity at the horizon, the traceless condition, and 
the normalizability. 
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1 Introduction 



The thermodynamics of black hole is a cornerstone in the search for a quantum gravity. 
The properties of black hole are expected to be captured by its thermodynamics, i.e. the 
temperature, mass, entropy, and other conserved charges. We then expect that, for example, 
the stability against small perturbations around the black hole will be equivalent with the 
stability as a thermodynamic system. In fact, it is known that a classical instability of black 
string which is called the Gregory-Laflamme instability [1] and the thermodynamic instability 
are equal in various black branes in Einstein general relativity, including the black holes 
discussed by Gregory and Laflamme [1], black p-brane solutions in string theory pj, black 
strings in Anti-de Sitter space [31 S] , D0-D2 bound state [5] and non-extremal smeared black 
branes [6]. Gubser and Mitra [3] conjectured they are equivalent when a black string has a non 
compact translational symmetry. But counter examples [7] are also known where a scalar field, 
which does not possesses a conserved charge, expresses an instability which is not captured 
by the thermodynamics. Another known fact is that an one-loop quantum instability of black 
hole, i.e. existence of non conformal negative mode(s)lll, and the thermodynamic instability 
are also equal in various black holes in the path integral Einstein gravity [9]. This is also 
checked for the black hole Anti de-Sitter space [lO] and rotating black holes [H], but a counter 
example [12] is known in Einstein- Gauss-Bonnet theory. These two known facts are related 
since the threshold mode of Gregory-Laflamme instability mode of a black string is equivalent 
with the non conformal negative mode [I3] of a black hole which appears as a slice of the black 
string. 

Reall [H] gave an argument and it is now accepted that the thermodynamic instability 
implies the existence of non conformal negative mode(s). The existence of non conformal 
negative mode(s) is interpreted as the instability as the spontaneous nucleation of black holes 
in a hot fiat space [131 EH] and thus it is important to understand a quantum gravity. Reall gave 
an argument how a family of off-shell geometries around a black hole geometry is constructed, 
and discussed the existence of negative mode when the heat capacity is negative. However as 
we will see soon, the off-shell modes constructed by Reall have problems, (i) The perturbation 
by taking the difference between two different off-shell geometries looks non-regular near the 
horizon in the Schwarzschild type coordinate system, (ii) A finite cavity (r = r^) is assumed 
and it is not clear whether Vh oo can be taken safely, (iii) The traceless condition, i.e. 
the negative mode is a non conformal mode, cannot be satisfied at the horizon and at the 
boundary (r = r^). Therefore we still have a question whether the negative heat capacity 
really implies the existence of non conformal negative mode. Here in this paper, we find a 
radial coordinate where the perturbations can be seen to be regular, improve the construction 
by Reall to satisfy (ii) and (iii), and explicitly construct a family of off-shell geometries around 
a black hole solution. We then show the existence of negative mode when the black hole shows 

^ The conformal perturbations of the metric, which always decrease the Euclidean action and seem to 
render the path integral divergent, are decoupled and give no contribution to the path integral [8]. 
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the thermodynamic instabihty. 

We briefly remind how Reall constructed the off-shell modes. The family of off-shell ge- 
ometries for a given temperature T = 1//3 is parametrized by the horizon radius r/j. There 
the metric (Euclidean signature) is given 

ds^ = gabdx^dx^ = U(r)dt^ + —— + R^Mdnl. (1.1) 

V[r) 

When the geometry becomes a black hole geometry, the geometry extremizes the action. The 
boundary condition at the horizon r = Vh {U (r/j) = and V{rh) = 0) which off-shell geometries 
should satisfy is ^/U^Jr\jV^{r\) = 47r//3, and that at the boundary r = is 6gtt = 0. Then 
put the black hole metric with the temperature T' into the metric except for U{r), and an 
arbitrary function but which satisfies the boundary conditions at the horizon and at the cavity 
into U{r). Then this geometry is a off-shell mode parametrized by rh and we use the notation 
U{r;rh), V{r;rh) and R{r;rh). Notice that because of the boundary conditions for U{r,rh), 
the geometry is a off-shell (this geometry does not satisfy the equations of motion as long as 
T' ^T.). 

When we compute the perturbation by taking a difference between nearby two different 
off-shell geometries with the label and + 5, we naively obtaiiifl 

1 1 _ V'(r;rh + 6)-' V'{r;rh)-^ 

V{r;rh + S) V{r;rh) r - Vf, - 6 r - Vh 

- 6 {dr,y'{r- r,)) V\r; r,) + 0{S')] , (1.2) 
r - rh J 

and then this asymptotic behaviour seems corresponding to a non regular mode because of 
S/{r — Tfi) behaviour as a perturbation. However this is an artifact due to the Schwarzschild 
coordinate system, and one can see the perturbations are regular at the horizon by using a 
different radial coordinate y whose range is normalized to y E [0, 1] using the construction 
in [16]. Therefore one should carefully choose a radial coordinate to explicitly construct off- 
shell modes suggested by Reall. 

One can see the traceless condition is not satisfied at the horizon and at the boundary since 
the traceless condition and the boundary conditions at the horizon {\/U'{rh)V'{rh) = 47r//3) 
and at the boundary {Sgu{rb) = 0) are in general inconsistent. Also the normalizability near 
the boundary after taking the boundary infinity is not clear. Thus in this paper, we discuss how 
to find a radial coordinate in which one can see the perturbations are regular at the horizon 
and are normalizable at the infinity after taking the boundary r;, — t- oo. Then we improve the 
construction of off-shell mode such that the perturbation satisfies the traceless condition. We 
then show the improved mode gives a negative mode. Another attempt to construct a non 
conformal negative mode by using a killing vector around the black hole geometry is given in 
the paper [T7] . 

^dr^F{rh\ rh) means that we treat F{r] r^) as a function of r and Vh and take a derivative in terms of Vh. 



V'{r-rn)-^ / 
r -Th V 
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2 Gravity action and black hole geometry 



In this section, we review the Einstein gravity action and the argument by ReaU. It is easy 
to understand our logic if we use an explicit example. Therefore we use a simple black hole 
solution, i.e. Schwarzschild black hole solution with/without a cosmological constant in four 
dimensions. It must be easy to generalize our argument to more general cases of black holes. 

The Euclidean path integral of quantum gravity for the canonical ensemble and the physical 
Euclidean gravity action Ip in a finite cavity are given 

Z = Jv[g] e"^-[^l, Ip[g] = I[g] - Jq, (2.1) 

^[^] = I ^'^v^ {R-2A)-^ [ d'x^ K, (2.2) 

where Iq is some reference action so that Ip has a finite action, K is the Gibbons-Hawking 
surface terms, dM denotes the boundary. The path integral is taken over Riemannian man- 
ifolds {M,g) that are asymptotically flat or Anti-de Sitter space depending on the value of 
cosmological constant. The time direction should have a proper length /3 = 1/T where T is 
the temperature. This path-integral is only well-defined in the semi-classical approximation, 
and the Einstein equations are 

Rab-^{R-2A)gab = 0. (2.3) 

Around a solution of Einstein equations, the metric can be written gab = (jab + ^Qab and the 
action can be expanded around the solution as I[g] = Io[g] + l2[g, 6g] where I2 is quadratic in 
the fluctuation. The trace part of the metric perturbation has a wrong-sign kinetic term and 
is decoupled [8j. The traceless part hab gives 



j d^X^h'^'/^Lhab. (2.4) 



where is called the Euclidean Lichnwerowicz operator. The perturbation should have 
a finite norm and regular everywhere including at the horizon. Then if the Lichnwerowicz 
operator has negative eigenvalue(s) A, 

ALhab = Xhab, A < 0, (2.5) 

the solution is unstable. The mode with negative A is called a non-conformal negative mode. 

On the other hand, we can demonstrate that a black hole with a thermodynamic instability 
have a negative mode. Since we are interested in a static black hole geometry, the metric ansatz 
is given 

ds^ = U{r- rh)df + —^-—dr^ + R^{r; rh)dQl, (2.6) 
V{r;rh) 

An 



J = VU'ir;r^)V'ir;rf,) , (2.7) 



r=rh 
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where denotes the size of black hole horizon (f/(r = r^] r^) = V{r = r^, r^) = 0) and 
U'{r,rh) = drU{r,rh) etc. (In the following, we often omit the index Vh as long as it is clear.) 
With this ansatz the action becomes 



1 



(2.8) 



167r 
1 



A/ 



d'^x^/Ui^^iR^^^ - 2A) + 

lOTT 



d'^X (9, 



A/ 



-.U' (r)R'^(r)\ cos e\ 



- 



IQir 



d^x 2^V{r)dr ( ^/U(r)R\r 

4:7Tf3 



167r ^/U{, 
PH-S, 



■.U'{r)R\r) 



r=rh 



IGtt 



cos^l 

A^/U{r)V{r)R{r)R'{r) 



r=ri, 



(2.9) 

(2.10) 
(2.11) 



where is the boundary (the position of finite cavity), the entropy S is the contribution from 
r = Th and (3H^ H is Hamiltonian, is the rest of it in (12. 9p . i?^^-* is Ricci scalar constructed 
from the induced metric at a constant t. The reference geometry is given by the same ansatz 
but no black hole, and we correspondingly have PqHq from /q, i.e. 



fioHo = -^4v/t/(r;0)\/(r;0)i?(r; 0)i?'(r; 0) 



(2.12) 



where /3o and the boundary r[ are determined from the condition that two geometries have 
the same periodicity and the same radius of S'2, 

^3o^Ju{r',■Q)=fi^JU{n■rn). (2.13) 
R{r',-Q)=R{n-rh). (2.14) 

We then denote (3 Hp = /SH - PqHq. 

In this paper, we discuss Schwarzschild black hole in four dimensions with or without 
negative cosmological constant. When we use the Schwarzschild coordinate system, the black 
hole metric is given 



U (r; Th) = V{r; Th) = f{r; Vh) = 1 
and then R = 4A, /3 = Airrh/il - Ar^), 

PH 

S 



r 3 



R{r;rh) = r, 



^/3(-4rfe + ^Arl + Ar^ - ^Ar^), 



4 
— 1 
3 



4' 

= ^/3{-An + ^Art + 2r, - hrl) + 0{r^^), 



(2.15) 

(2.16) 
(2.17) 
(2.18) 
(2.19) 
(2.20) 
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Then the Hawking temperature T, mass M and entropy (r^ — )■ oo) are 

i^fM^^n_ \ M=^(l--r2), S = -ATxrl. (2.21) 
' 47r 47r V / 2^3''^ 4 ^ ^ 



Then the heat capacity 



is negative (positive) for Vh < -\/— A (r^^ > V— A). When the heat capacity is negative, 
the black hole is unstable as a thermodynamic system and we expect this thermodynamic 
instability appears as a negative mode in the semi-classical path integral of quantum gravity. 
In order to demonstrate that, one has to construct a family of geometries around the black 
hole solution and check the conditions, i.e. finite norm and regularity, are satisfied. 

Reall discussed a series of geometries in the following way. Choose V{r) and R{r) as the 
black hole metric with the horizon r = r/^ + 5, and U (r) is arbitrary except that U (r) at the 
horizon r = rh + 5 and the boundary r = r^' (which is not necessary to be r^) are chosen such 
that 

I An 

^U'{r-rt, + 5)V'{r-rt, + 5) = — , (2.23) 

U{rl Th + 5) = U{rl r,), r, + 5) = r^). (2.24) 

The first condition is necessary in order that the geometry avoids a conical singularity at 
the horizon r = + 5, and the second condition is that the boundary geometry should be 
kept fixed. Since U{r) is not a black hole solution when 5 7^ 0, these geometries are off-shell 
geometries. In our case, we can write the series of geometries 

U{r-rh + 5) = f{r-rh + 5h{r)), ^(r; + 5) = /(r; + 5), R{r-rh + 5) = r, (2.25) 

and h{r) is an arbitrary function but satisfies the boundary conditions (12.231) and (12.241) . Then 
in our case, we have r'l = Vf, and we obtain 

/ = + 6) 



^ [ £x ^^Y^ U' {r-)R^{r)\ cos e\ - ^ [ d^x A ^/U{r)V{r)R{r) R'{r)\ cos 9 
Jr=rh+S JU (r) 167r 



+ 0{r-') (2.26) 

and Jo is same. We notice that the constraint equations are satisfied and then the action does 
not depend on h{r). Then 

Ip = PHp-S = /3^(1 -^{rH + 5f) - ^47r(r, + 5f + 0{t^'), (2.27) 
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and 

/(r. + 5)- /(r.) = + OiS^r^'). (2.28) 

Therefore there is a tachyonic direction around the black hole solution when the heat capacity 
is negative. Since U{r) is arbitrary between the horizon and the boundary, the trace can 
be zero by turning U{r) and thus the negative mode is traceless except at the horizon and 
boundary. 

In order that this off-shell modes really generate the non conformal negative mode, we have 
to check that the perturbations by taking the difference between the different off-shell modes 
satisfy the conditions, i.e. tracelessness, finite norm and regularity. We write the perturbations 
as follows, 

-\ A- Xff (r) 

ds^ = U{r){l + 5Ht{r))de + , ^ cir^ + R^{r){l + 6He{r))dQl (2.29) 



V{r) 



and 



U{r;rh + 6) f{r;rh + 6h{r)) 
oHt[r) = —— ^ 1 = ^ 1, (2.30) 

oHJr) = — r- - 1 =—. r- - 1, (2.31) 

Vir;rh + 6) fir;rh + 6) 

6He{r) = -^^^^ ' 1=0- (2.32) 

Then Hj.{r) is divergent dX r = + 5 before r reaches the original horizon r = for 6 > 
and thus this perturbation seems not regular. Also since 6Ht{r), i.e. h{r), should satisfy the 
boundary conditions (I2.23P and (I2.24p which are not consistent with the traceless condition in 
general, the traceless condition is not satisfied at the horizon and the boundary. For example 
at the boundary, we have 6Ht{rf,) = 5 Heir b) = instead SHr{rf,) ^ and thus the traceless 
condition is not satisfied. Therefore we should find a different radial coordinate where one can 
check the perturbations are regular at the horizon and improve the construction to satisfy the 
traceless condition including at the horizon and the boundary. 

We also should check whether we can safely take the limit r;, — )• oo. We thus check the 
normalizability which is given 

lim / d^xy/g S^Htirf + Hr{rf + 2He{rf) < oo. (2.33) 

Tfj^OO J 

In our case, the normalizability near the boundary gives 



I d^x^ 6^{Ht{rf + Hr{rf + 2He{rf) ~ P drr^6^ 



< OO (2.34) 



where c is a given number and then this is finite near the boundary. 
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3 New coordinate 



Because of general covariance, it is not clear the perturbation is a regular or non-regular mode. 
To answer this question, it is better to define a better coordinate where everything becomes 
clear. The new coordinate y should satisfy (i) the range is always fixed [16] (the original 
coordinate r runs r/^ + 5 to which depends on the horizon r^, + 5) and (ii) the normalizability 
near the boundary should be kept. 

We find that it is not simple to find a new coordinate which satisfies (ii). For example, if 
we define y = r — rh, this breaks (ii) in addition that the range y G [0, rb — rh — 6] still depends 
on the horizon, since the metric and the normalizability become 

ds^ = f{y + Th] rh)dt^ + ——^ -dy^ + (y + rhfdn2, (3.1) 

t[y + rh]rh) 

jd'x^g5^Hy{yf^ p 'dyyH'(^-^ ~ r,, (3.2) 

for large y ^ ri,. Therefore the condition (ii) is easily broken. Another example which may be 
often used is 

and the range does not depend on the horizon size, y G [0, 1]. However this coordinate again 
breaks the condition (ii), since the metric and the normalizability near the boundary y ~ 1 
axe 

ds^ = f{T{y- + 5); r, + 5h{y))de + [^(^^ +^)'^ ^2 ^ ^^y. ^ ^^dn,, (3.4) 
jd'x^g5'Hy{yf^ j\yy\l6'(^^^ ~ r,. (3.5) 

This is divergent when we take — oo. Then we should use a more complicated coordinate. 
One such example is 

, = ^fi-fiirY^VV (3.6) 



n \ V r / \n~rh 



where m > and n > 0, and the range y is ?/ G [0, 1]. If we take m = 1 and n = 1, y becomes 
(13.31) . If we take m = 2 and n = 1, we find both the conditions (i) and (ii) are satisfied, since 
the normalizability near the boundary y ~ 1 becomes 



jd'x^5'Hy{yf ~ I'dyy'rlS' < oo. (3.7) 



We will give a detail calculation in the next section. 
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4 Non conformal negative mode 

Now we use the new coordinate and discuss whether the perturbations satisfy the regularity at 
the horizon and other conditions. The new coordinate as we discussed in the previous section 
is 



r 



i/ = -(i-(-)'^^), ye[o,i], (4.1) 



and thus 



-rl + niri, - rh)y + \J r^(2rfc - r/,)^ - 2rlrb{n - rh)y + - ThYy"^' 



r = r{y;rh) (4.2) 
1 

2(rb - rh) 

The off-shell geometry with the label rh + 6 becomes 

ds' = U{y- r, + 5h{y))de + —^--dy^ + R\y- r, + 5)dnl (4.3) 

V[y;rh + 5) 

= U{y- r,)(l + 6Ht{y))de + i-ti^^dy^ + R^^y- r,)(i + 5He{y))dnl (4.4) 

U{y;rh) = f{r{y;rh);rh), V{y;rh) = ^^^'^^^ ^ R{y;rh) = r{y;rh). (4.5) 

Then the perturbations at the order 6 near the horizon y = are given 

AffrO (2rg + rD(l + Ar^)-2r,r,(l + 2Arg) ^^^^ , ^^^^ ^ 

= r.(2r,-r.)(r.-r.)(l-ArD "^^^ + ^^'^^ 

ef,.^ (2rg + r^)(l + Ar^)-2r,rfe(2 + Ar^) , 

'""^^^^ = r.(2r.-r.)(r.-r.)(l-ArD + ^^"'^ 

5i/,(i/) = -5 + 0(1/), (4.8) 

and then the boundary condition at the horizon (I2.23p . which becomes 6Ht{y) = 6Hy{y) at 
y = 0, gives 

(2r,^ + rl){l + Arl) - 2r,r,(l + 2Ar2) + "^^^^ ^^"^^ 

Thus this mode is a regular mode as seen below. If we solve the equation for the eigen- 
function with negative A in (12. 5 p around the black hole solution, we obtain the asymptotic 
behaviours near the horizon 

Ht{y) = ao Q + ailn?/ + ---^ + 6o (! + &!?/ + ■■■) , (4-10) 

Hy{y) = ao (^-^ + ai\ny + ---^ + bo (l + Ciy + ■ ■ ■) , (4.11) 

Heiy) = -lmy) + Hr{y)), (4.12) 
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where ao and 60 are integration constants and other coefficients are determined from the 
equations of motion. Here the mode with 7^ is a non regular mode, and the mode with 
Co = is a regular mode and then the mode constructed above in (14.61) . (14. 7p and (14.81) is a 
regular mode. 

As one can see from the asymptotic behaviour (14. 6p . (14.71) and (14.81) . this perturbation is 
not traceless at the horizon. Also it is easy to find that this is not traceless at the boundary 
as well. Thus we here improve the perturbation by adding a gauge transformation, Sg'^j^ = 
(^5'a6+Va^b+Vfe^a with C,y = 6C,{y) and other = 0, and then we obtain the metric perturbation 

SHt{y) = — ^ 1 + ^7^777 .U{y;rhMy), 4.13 

U{y,rh) 2U{y;rh) 

SHyiy) = Tp^^ - 1 +S (Viy; r.^y) + ^^^^m) , (4-14) 
V{y,rh + d) \ 2 J 

m(y) = "^^^^ - 1 +>^^«'iv^M, (4.15) 

and $,{y) is chosen such that the traceless condition is always satisfied. We notice that our 
gauge is same as that in pj:j and the traceless and transverse condition is not the gauge 
condition, but a result of equations of motion. The boundary condition (12.231) does not give a 
condition for C,{y), but the regularity gives a condition that ^(0) is finite. The other boundary 
condition (12.24p gives a condition that h{l) = ^(1) = and ^'(1) 7^ to ensure the trace 
Ht{l) + Hy{l) + 2H0{1) = 0. We will later check that these conditions can be realized. Before 
that, we will compute the action to see whether this mode really gives a negative mode. 
Therefore we compute I[g] = I[g] + l2[g, 6g], and thus 

J(r, + 6) = -4r I d^x^ 5(Ein eq) 5g''\ (4.16) 
327r Jj^[ 

where 5(Ein eq) is the linearlized Einstein equation around the black hole metric. We simply 
substitute (111]),(|12D and dM]), we obtairfl 

J(r, + 5) = lir,) -S'^ j\y{A[h"{y), h'{y), h{y)] 

+ B,[h"{y), h'{y), hiy),ay)] + B^Hy). h'{y),ay)] + CUvf]) + 0{5^). (4.17) 

The terms C are quadratic in terms of ^(y), the terms Bi and B2 are linear terms in terms of 
^{y) or i'iy) and the terms A are the rest. C[^(y)^] = since ^ is a gauge freedom and the 
mixing terms Bi and B2 are zero except at the boundaries y = and y = 1 since ^ is again a 
gauge freedom (zero mode). In fact we can rewrite 

B,[h\y),h\y),h{y),i{y)] + B2Hy),h\y),i\y)] = dyB[h\y),h{y),i{y)l (4.18) 



^ In the real computation, we again go back to the original coordinate r and compute the action. We give 
the detail computation in the Appendix. 
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and we obtain B[h' (0) , h{0) , ^(0)] = (because y = 0) and B[h' (1) , h{l) , ^{1)] = (because 
^(1) = 0). Now we compute A[h"{y),h'{y),h{y)]. In our case, we can integrate along y 
direction (since the constraint equations at a constant t are satisfied), and we obtain 

--Yj/y ^[^"(^)' h\yl Ky)] = - 1 _A,2 + ^(^r^)' (4-19) 

where /3 = 4:T:rh/ (1 — Ar^) and the asymptotic forms oi h{y) 

(2rg + rg)(l + Ar3-2r>r>(2 + ArS 



2 

-1 



h{y) = + /ii ( - - IJ + /i2 - 1 ) + 0((2/-^ - 1)'), (4.21) 



are used. In summary we have 



I{r, + 5)- I{r,) = + ^(-.~^ ^')- (4-22) 

Thus as long as < l/(— A), this mode gives a negative mode! 

Now we go back to determine ^(r) in order to see if the traceless condition can really be 
satisfied. The traceless condition gives a differential equation for ^(y), (exphcit form is written 
in Appendix C), 

e{y)^F[h{y),ay)]. (4.23) 

We solve this differential equation near the horizon and the boundary and obtain 

e(y) = aoy-' + ai + a2y + 0{y''), (4.24) 
e(y) -bo + h{y-' - 1) + h{y-' - If + 0{{y-' - if), (4-25) 

where we have used the asymptotic solution of h{y). The integration constants are and 
bo- The boundary condition and the regularity impose both gq and bo are zero. However even 
we take ao = at the horizon, we in general have nonzero bo after solving the differential 
equation from the horizon to the boundary for a given h{y). However since h{y) is arbitrary 
between the horizon and the boundary, we can use this freedom to realize both ao and bo are 
zero. Therefore we can realize the traceless condition and do not break the regularity and 
normalizability. 

We finally check the normalizability near the boundary. The norm is given 

U^x^{Ht{yf + Hy{yf + 2He{yf) = N. (4.26) 
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Near y = 1 we obtain 



d'x^{H,iyf + Hy{yf + 2He{yf) ~ fdy 



rl{y-lf{y^-Ay^ + 9y^-Uy + lQ) 



< oo 



(4.27) 



and then this mode is normahzable. In order to compute the eigenvalue in fl2.5p . we have to 
compute the value and using fl4.22p or fl2.28p . 



We here did not give the explicit form of h{y) and cannot compute the value A^. 

In summary, we explicitly constructed a non-conformal negative mode inspired from the 
black hole thermodynamic instability. Our mode satisfies all the boundary conditions and 
normalizability. 

5 Summary 

In this paper, we explicitly constructed a negative mode around the black hole geometry when 
it has a thermodynamic instability. The negative mode satisfies the boundary conditions at 
the horizon and the boundary, i.e. regularity, traceless and normalizability. It is important to 
find a proper coordinate system and we believe it is easy to generalize our arguments to the 
case of more general black holes, such as rotating and charged black holes in four and higher 
dimensions. 

We did not impose the transverse condition which is a result of Einstein equation in this 
gauge. (Notice that we use the gauge used in [H] and the transverse condition is obtained 
as a equation of motion.) We also did not compute the eigenvalue. We have to fine tune the 
function h{y) between the horizon and the boundary in order to have a normalizable mode 
and then did not minimize the norm. It is interesting to compute the eigenvalue to compare 
our negative mode with the negative mode obtained by solving the eigenvalue equation. 

In many cases, the negative mode disappears exactly when the thermal instability disap- 
pears. There are however counter examples. Therefore it is interesting if we can prove when 
the negative mode implies the thermodynamic instability. 
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A Action 



^ [ d'x^ (i? _ 2A) - ^ /" d^x^ K, (A.l) 

Jm JdM 



167r 

Since we are interested in a static black hole geometry, the metric ansatz is given 

ds^ = f/(r)(l + 5Ht{r))de + ——^dr'' + R\r){l + 5He{r))dnl (A.2) 

K (r) 

With this ansatz the action becomes 



IGtt 



/ v^v^(i?(3) _ 2A) + ^ / dr(^U'R^\cose\] 



f f}/X3^2^^RU'Ht + 2RUHi - RU'Hr - AUR'H, + AUR'Hg + ARUH'^ 
167r Jm ^ 2vf/ 

- ^ [Ra, - \{R - 2A))55"' + 0{5^). (A.3) 

Then since at the horizon, we have U = V = Q and Ht = Hr, the boundary terms cancel out 
and then we do not need the boundary action. 

B Detail of the computation 

In the computation of action, it is easier to go back to the original coordinate r instead of 
using y coordinate (14.11) . We transform the metric perturbations (14. 4p with (I4.13p . (I4.14p and 
(I4.15p . and we obtain 

1 -I- Aff (r) 

ds" = U{r- rh){l + 5Ht{r))de + -^—^dr^ + R\r- rO(l + 5He{r))dnl (B.l) 
U{r;rh) = V{r;rh) = f{r;rh), R{r;rh)=r, (B.2) 

and 

Ht{r) = §f\ + ^^JT^.U'ir; r,)e(r), (B.3) 
B{r} 2U{r;rh) 

A{r) = ^ ((3 + Arh^){r + Th) + 4rftAr^) + (-2Arft^ - Ar^Xr^ - Grh^Ar^ - 6rhr) n 

- Arh'^r + 2Arh^r^ + 3r;,V + 2Ar^rh^']h{r), (B.4) 



B{r) = (Ar/,2 + Ar/,r - 3 + Ar^) {r^ - Vh) ( (r^ + r^^) - rV?,) , (B.5) 
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Hyir) 



(B.6) 



+ {30rlr - lOAr^r + 16Ar^r^ + 4rftAr^ + 5Ar/j^r^ + 9rV,, + 6r,,^ - ISrV,,^ + 3ArV,,^) rf,^ 



+ 2Ar^rh^ + 3rV/,^ - Ar/j + 2Ar,,V^ 
D(r) = (Ar/i^ + AvhT - 3 + Ar^) (r^ - Vh) ((r^ + r,,^) - r^r/j)^ 
i7,(r) = ^ (2rg + (-2r-r,)r, + r,r)r, ^ ^(r;r,) ^^ ^ 
(n - rh) ((r^ + r/i^) - r^r^,) i?(r; r/,) 

We can then relatively easily compute A in fl4.19l) . 

- - [ dyA[h"{r),h'{r),h{r)]=E{r)h'{r) + F{r)h{r) + G{r) 
8 Jo 

EAr) 



E{r 



Eoir) 



F{r 



Ei{r) = rrhP (r - r/,) {n - r) {2rb - rt) {Ath^ + 3r/, + Ar/^^r + AvhAr"^ + 3r) 

- {2Arh^ + ivhAr^ + 6r,,^Ar^ + 6r/,r) r^, + (3 + A(2r^ + 2r/,r - r^))r^r j , 
-E2(r) = 6 ((r^ + r/,^) n - rV^)^ {n - ruf . 



Foir) 



(B.7) 
(B.8) 

(B.9) 

(B.IO) 
(B.ll) 

(B.12) 
(B.13) 

(B.14) 



Fi(r) = (A7r^A\h^ + lOSAr/^V^ - 30rh^Ar^ + 3AV,,^ + 2r'^AW + IQr^A^ + 7r^A 

- UQr'^rh^ - ASr^Avh - 60Ar/,V^ - 9rh^ + 6Ar/,V^ - 9r^ + 6Ar,,^ + 26r^AV/,^ + 18Ar;,V 
+ 3rAV;,^ + ISr^Vh^ + 27rrh^ + 27rVft - 32r'^rh^A^^ (3rl 

- rh(QArh^r - 198rVft^ + 63rr/,^ - 9r^ - 9rft^ + 252Ar?,V3 - 240Ar,,V^ + ^Ar^^Ar^ 
+ ISSr^AVft^ + 135r^rh - 198r\h^ + IGSAr/^V^ - 264r^Ar,, + 30r^A^rh'^ - 6r^AV/,^ 



- 64rV/,2A2 - 48r'A + Slr^AV,,* - 48rV,,A^ + llrAV/,* + 120r^AV/,^ + 9AV,,^ )/3r 



„5a2„ 4 



6 A 2„ 3 



>2„ 9 



+ r;,2(^ - 112rVA2 + 32r'^rh^A^ + 200r^AV/,^ + llOr^AV/ + 173r^AV/,^ + 45rr;,^ + 36r^ 
- 36rV/,^ + 6AV/,^ - 34r^AV;,^ + 462Ar,,V^ + dirn'^Ar^ - 336r^Ar/, - 126Ar h^r^ + llTr^rh 



432r^rh^ - QAvh^ + 30Ar/,V2 + SOr^AV/,^ - 216r^A + hrA^Vh^ 
+ r;,^r ( 45rVfe + 270rV/,^ - 9rh^ - hAvh^r - 72r^ + 312r^A + 108rV/,A - 128r^AV;,^ 



6Ar/,V - 16r^A^ ) /3r^ 

3r ^45rVfc + 270rV/j^ 
96rV/,^A - eir^AV;,^ + 42rArft^ - 132r^AV/j2 + 30r2AVft^ - 252r2Ar,,^ - 24rAV/,^ 



+ 32A + 92r V/.A^ + A Vh*" - 80r*AV,,* - 24rV,,^A ) l3rt 



J. 



4a2„ 4 



„4„ 2, 
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+ r,,V^ (A5r^ + ISr^^ - 54r,,V - 72rVft + Ar^h^A"^ + 72Arh^r'^ + 24rVfeA + 2AV;,^ - 12Arfe^ 
+ SBrWA"^ + 92rWA'^ + 48Ar,,V - lOrr^^A^ - 32r^AVfe - 20r^A2 - 180Ar^ + SOArW 
+ 9rWA^yn 

+ r^rh^ (sGAr^ + Ar^A^ + ISr^, - 9r + 2AVft^ - UrArh^ + Ar^A^h - 12Ar^^ + 5rAV^^ 

- Ar\h^A^ - l2r\-hA - 20r V^A^ j /3, 

F2(r) = 12 (rVb - rhu + r/^Vt)^ (r^ - rnf (Ar^^ + Ar^r - 3 + Ar^) . (B.15) 

G'(r) = -^(Alr^A^m^ + lOSAr^V^ - SOr^^Ar^ + SAV^*^ + 2r2AV^^ + IGr^AV^^ + Tr^AV^^ 

- 126rV^=^ - A&r^Aru - 60Ar;,V^ - + GAr^V^ - 9r^ + GAr^^ + 26r^AVfe^ + ISAr^V 
+ 3rAV/,^ + 18rV,,2 + 27rr,,^ + 27rV;, - 32r^rh^A'^yi 

- Prh(504:r^Arh - 189rV;, + 27r/,^ + 48r^A - 117rr,,^ + AbOrV - 42Ar/,V + ASArn^r^ 
+ ArCAru^ + 12r^Crft^A + Ar'^CAru + 12r^CAr;,^ + IGr^CAr^^ + 24r^Crfe^A 

+ IGr^Cr^^A + 27r^ + eeOAr^V^ - 567r^AV;,^ - 226r2AVfe^ - 190r^AVft^ - 65rAV^^ 

- 344r^AV^=^ - 209r^AVh^ + SOrV^'A" - GSAV^^ + 132Ar J + l%2rW - I'^rn^C 

+ Gr^^Ar^ - SGr^Crfe^ - Ser^Cr^^ + 4rft^CA - 12r^C + 4r^CA - l2,2Arh^r^yi 

+ I3rh^ (lA^Sr^Aru + IGr^A^ - AlAr^ru + 16AW^ + 27rh^ + 312r^A - 198rr/,^ 

+ 558rVft^ - 24Ar;,V + 390ArftV2 + lOrCAr^^ + bAr^Cru^A + 22r^CAr^ + 42r^CAr^^ 

+ 52r^CAr^^ + 96r^Cr^^A + nr^Cru^A - 9r^ + 1896Ar^V^ - ISlOr^AV;,^ - 448r2AV;,^ 

- 268r=^AV^^ - 78rAV - 1080r^AVh^ - GSlr^AV^^ - QAr'^rh^A'^ - 75 AV + lAAAv^ 

+ 810rV;,^ - 30r;,^C - 132rft2Ar^ - \^2r^Cru^ - 126r^Crh^ + lOr^^CA - 66r^C + 22r^CA 

- 906 Arh^r^yi 

- /3rh^(l9AAr^Arh + GAr^A'^ - 32Ar'^rh + 64AW,, + 9rh^ + 792r^A - 162rr^^ + 216rVft^ 
+ 6Ar^V + 354ArhV^ + SrCAvh^ + 96r^Cr^^A + SOr^CAr^ + 5Ar^CArh^ + 62r^CArh'^ 

+ ISOr^Cr^^A + MGr^Cr^^A - 135r^ + 1800Ar;,V^ - 1240r^AVft^ - 346r2AV;,^ - 76r^AV 

- 32rAVh^ - 1416r^AVh^ - 819r^AVh^ - A32r^rh^A^ - 33A\h^ + A8Arh^ + 1332rVft^ 

- 24rft^C - 186rh^Ar^ - 288r^Crh^ - 162r^Crh^ + Sth^CA - ISOr^C + SOr^CA - 1428ArftV^ 

+ /3r^^(^1212r6Ar;, + lOOr^A^ + 45r% + IOOAW^ + 1020r^A - 63rr,,^ - 90rVfe^ + 6Ar,,V 
+ 174ArftV2 + 2rCAr}J + SAr^Cvh^A + QOr^CAvh + 30r^CArh^ + 32r^CArh^ + llAr^Cvh^A 
+ lAAr^Crn^A - 225r^ + SlOAr^V^ - SSlr^AV^^ - 136r^AVh^ + QSr^A^h^ - 3rAV 

- 936r^AV^^ - 495r^AV^^ - GlGrV^^A^ - 6AV + 6Ar;,^ + 1026rV^^ - Grn^C - 132rh^Ar^ 
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252r*Crh^ - 90r^Crh'^ + 2rh^CA - 180r^C + QOr^CA - 1014Ar?,^r" )ri 



4^3 \ ^3 



4 2 

r 



- Prrh^(40r'^CA - 120r^C + 708r*^A - Qr^^ - QOr^V + STSrV;,^ + 76AV^ - 171r^ - 348Ar,, 

+ 300rV/,A + 66ArftV - 96r^Ar?,2 - lOSr^Crf,^ - 324r\h^A^ - ISrCvh^ - lOSrV/^^A^ 

- 129r^AV/,^ - 28AV/,V + 207rV?, + AV?,® - 420rV;,2A2 - 144r^Arft^ + 76r^AV;, 

+ SOr/^V^A^ + GrCAvh^ + ^2r^CArh^ + 76r^(:7Ar;,=^ + mr^CArh + Gr^Cr^^A + mr^CAr^^rl 

+ /3rV?,^(^ - 144AV,,V^ + 28r^A2 - 2r,,^A2 + ^?Cr^A - 42r^C + 14r^CA + 28AV,,r^ 

- 54ArV,,2 - 48Ar,,V + \\r'CArh - ISr^Crn^ + UArt^ - UAtht^ - 63r^ - 18r/,^ - 'dQAru^r'^ 

- 56AV;,V^ + 2{)r^CArh^ + AV,,V^ + 54r/,V + lOr/^VA^ + 108rV,, + Qr'^CArh^ + 252r^A)rfe 

- /3rft (^36Ar3 - 20AV;,V^ + 4AV;,r^ + 2r^CArh + ir^A^ + 2r^CA + ISr^ - 9r + 2r^CArh^ 

- Urh^rA + Sr^VA^ - UAr^ - Avh'^r^A^ - UAvh"^ + 2rh^A^ - Gr^cj , (B.16) 
G2{r) = 12 [Arh^ + Ar^r - 3 + Ar^) - r;,)^ (rV^ - rV,, + r,,Vfe)' , (B.17) 

where C is the integration constant. 

C Traceless condition 

The traceless condition gives a differential equation for ^{y). We obtain this differential equa- 
tion in the original coordinate r: 

(r) = (Ar.^-3r, + 6r-4Ar^)e(r) ^ A^^^^ ^ £ ^ ^^^^^ 
(r — Th) r {Arh^ + AvhT — 3 + Ar^) 5 i5 ' 

A = 3( (Ar,,^ + Arr?,^ + 3r/j + 4r/iAr^ + 3r) r^^ - (2Ar,,^ + 6Ar,,V^ + Gr/^r + 4ArV/j) 

- Ar,,V + 2Ar,,V2 + 3r/,V + 2Ar\,,2)r, (C.2) 
B = {r- Th) ((r^ + r,,^) n - rV/,) (r^ - th) [Ath^ + Ar/,r - 3 + Ar^)^ , (C.3) 
C = -3r(^ (-3r,,V + llArA + HAr/,^ - 3r^ + llAr/^V^ - 39r/,^ - ISrV,, + 3ArV/,2) 

+ ( - 4Ar,i^ - 22Arhr + 21rV/i^ - 4r;iAr^ + bArnr - AArnr^ - 2bAr^rh + 33r^r,j 

- 19Ar;,^r2 + lSrh'^)rk^ + ( - Ahr^Vh^ + 21ArV;,^ - Qvh^r^ - 27r?,V + 9r/,^Ar + QAr^ 

+ 6Ar;,V^ + 6ArV;,^)rf, - 2ArV?,^ + 15rV?,^ - 2Ar;,V^ - 5Ar;,V^j , (C.4) 
D = -{r-rh) {n - Th) (Ar/,2 + Ar/,r - 3 + Ar^)^ ((r^ + r/,^) - rV/,)^ . (C.5) 

We solve this equation near the horizon (r = rh) and the boundary (r = r^) and obtain the 
asymptotic solutions (I4.24p and (I4.25p using the relation (14. ip . 



5^2 
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